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1. Introduction
Counting BPS states, especially counting the bound states of D-branes wrapped around
cycles of the internal Calabi-Yau threefold, is an extremely important problem both in
string theory and in algebraic geometry. In string theory, it was found that the indices (or
degeneracies) of these BPS states are related to the entropy of a family of supersymmetric
black holes, degeneracies of instantons in certain gauge theories, topological string theory,
statistical models of crystal melting [1, 2, 3, 4, 5, 6, 7, 8]. In [3], the authors conjectured a
formula relating to the black hole entropy and partition function of topological strings–the
Ooguri-Strominger-Vafa(OSV) conjecture. Mathematically, the Donaldson-Thomas(DT)
invariants can be related to the degeneracy of D0 and D2-branes bound to a single D6-
brane in type IIA theory [5, 9].
To date, much has been revealed, including the wall-crossing formula of the DT invari-
ants with a single D6-brane wrapped on certain special Calabi-Yau threefolds [5, 9, 10, 6,
11]. But for the higher rank DT invariants, which are known to be the degeneracies of D0
and D2-branes bound to multiple D6-branes wrapped on Calabi-Yau threefolds, we only
know few details [12, 13, 14, 15, 6]. Most of these papers aim to investigate the bound
states of the D6 branes, in contrast to the analysis here, where we generalize Aganagic, et.
al.’s results in [11] to the N separated D6-branes case. This is known as the Coulomb phase
of the higher rank Donaldson-Thomas invariants. Comparing with the bound states of the
D6 branes in [12, 13, 14, 15], the Coulomb phase is the other exteme, with the D6 branes
not binding at all to each other.1 Furthermore, since the D6 branes do not bind, then it
is not hard to imagine that there should be the product structure which was discovered in
1In [14], the author mentioned that the Coulomb phase is a limit of their results when the central charge
becomes degenerate.
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[6]. This product structure is needed, especially since the M-theory derivation presented
here makes it very clear that an extreme limit of the geometry is required for the results
here to hold.
In Section 2, we will briefly summarize the results in [11]. In Section 3 we will generalize
[11] to the multi D6-brane case and propose a formula corresponding to the Coulomb phase
of higher rank DT invariants. In Section 4 we will check two simple examples–C3 and the
resolved conifold. In Section 5 we will describe some future work.
2. Preliminaries
In this section we will review the work in [11]. Suppose there is a single D6 brane wrapped
on a Calabi-Yau threefold X. We want to calculate the BPS partition function of this D6
brane bound to arbitrary number of D2 and D0 branes. First, we lift the D6 brane to
the Taub-Nut space via [16]. The Taub-Nut space is an S1-bundle over R3, where the S1
collapses at the origin in R3. Notice that the Taub-Nut space is asymptotic to R3 × S1.
We denote the radius of this Taub-Nut circle S1 by R. If R goes to infinity, then the
Taub-Nut space becomes R4. Further, the D6 brane is placed at the origin. Thus we get
a five dimensional space whose spacial part is the Taub-Nut space. So counting certain
BPS states in Taub-Nut space will correspond to the original counting problem. In order
to make this correspondence achievable, we need to make the following two assumptions:
1. We require the background moduli of the CY space as well as the chemical potential
to be chosen so that M2-branes wrapped in various way have parallel central charge;
2. The only BPS states in 5D are particles. In other words, we restrict the CY space to
the CY space without any compact four-cycles.
The first assumption can be achieved by considering the vanishing Ka¨hler parameters of
the CY and at the same time turning on the B field flux through two-cycles of Calabi-Yau
in type IIA. Thus for a state generated by D2 branes wrapping a class β in the Calabi-Yau
the central charge is
Z(n, β) =
1
R
(n +B · β), (2.1)
where n is the total momentum along the Taub-Nut circle and R is the radius of the Taub-
Nut circle. The second assumption guarantees that there are no string-like states coming
from M5 branes wrapped on the compact four-cycles.
We know that if we fix B, then the degeneracies of M-theory don’t change when varying
the Taub-Nut circle radius R, i.e. no states decay during this procedure. So we take R→∞
with the result that the Taub-Nut space becomes R4. Thus the 11 dimensional space in
M-theory becomes
X × R4 × S1t ,
where S1t is the Euclidean time circle. Now we would like to count the particle degeneracy
on R4 × S1t . For each 5D particle, there is a field Φ(z1, z2) on R
4, where z1, z2 are two
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complex coordinate of R4. The ground-state wave functions of the particle with different
momenta correspond to the modes αl1,l2 in the decomposition of Φ(z1, z2):
Φ(z1, z2) =
∑
l1,l2
αl1,l2z
l1
1 z
l2
2 .
We know that the U(1) ∈ SU(2)L charge of z1, z2 is 1. Further, under SU(2)R there are
Nm,m
′
β 5D states of intrinsic spin (m,m
′). Thus the degeneracy we need is the Gopakumar-
Vafa invariants:
Nmβ =
∑
m′
(−1)m
′
Nm,m
′
β .
Hence the total angular momentum is
n = l1 + l2 +m.
Then the BPS states degeneracy in a chamber specified by R and B is expressed by
Z(R,B) = TrFockq
Q0QQ2 |Z(n,B)>0
=
∏
β,m
∏
l1+l2=n
(1− ql1+l2+mQβ)N
m
β |Z(n,B)>0
=
∏
β,m
∞∏
n=1
(1− qn+mQβ)nN
m
β |Z(n,B)>0. (2.2)
When R > 0, B →∞ for all Ka¨hler classes, it follows that
Z(R > 0, B →∞) = ZDT =M(q)
χ/2Ztop(q,Q), (2.3)
where M(q) =
∏
n(1 − q
n)−n is the MacMahon function and χ is the Euler characteristic
of the Calabi-Yau space X.
3. Coulomb phase of higher rank DT invariants on multi D6-branes
Suppose we have N D6-branes wrapped on the Calabi-Yau threefold X. Then on X we may
construct a U(N) cohomological gauge theory [5, 6, 8]. If X = C3, then the instantons also
have the ADHM structure [17, 6]. Thus we can use the equivariant cohomology technique to
construct a quiver matrix model and calculate the contribution of instantons [5, 18, 6, 19].
From [16] we know that the N D6-branes can lift to M-theory by putting these D6-branes
on the origin of the Taub-Nut space. Thus when the radius R of the Taub-Nut circle goes
to infinity, we will get R4/ZN [16, 20]. Since we only focus on the Coulomb phase, we need
to use the multi-centered Taub-Nut space to lift D6-branes instead of the single centered
Taub-Nut space. The metric of multi-centered Taub-Nut space is
ds2 = V −1(dx11 + ~ω · d~x)2 + V d~x · d~x, (3.1)
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where ~x = (x, y, z) are coordinates in R3. The harmonic function V (~x) and the vector
potential ~ω are given by
V = 1 +
N∑
i=1
R
|~x− ~xi|
, (3.2)
~ω =
N∑
i=1
~ωi, (3.3)
~ωi · d~x =
z − zi
|~x− ~xi|
(x− xi)dy − (y − yi)dx
(x− xi)2 + (y − yi)2
, (3.4)
where ~xi = (xi, yi, zi), i = 1, · · · , N are the locations of N D6-branes [21]. When ~x → ~xi,
under the spherical coordinate r, θ, φ defined by r := |~x− ~xi|, x−xi = r cos θ sinφ, y− yi =
r cos θ cosφ, z − zi = r sin θ, the metric (3.1) reduces to
ds2 =
R
r
(dr2 + r2dθ2 + r2 sin2 θdφ2 + r2(dx11 + cos θdφ)2), (3.5)
which is a flat metric on R4 [16]. Here ~x → ~xi is not equivalent to R → ∞ as is the
case for the single-centered Taub-Nut space. When R → ∞, the multi-Taub-Nut metric
reduces a flat metric on R4/ZN [22, 16]. Further, as R →∞, the centers ~xi, i = 1, · · · , N
will collapse together and the gauge group will be enhanced from U(1)N to U(N), which
implies that we cannot remain in the Coulomb phase. Thus the degeneracy of BPS states
of the Coulomb phase would be changed as R→∞. Since we only focus on the Coulomb
phase, so here we will keep R fixed or perturb R slightly in order to remain in the Coulomb
phase. Thus when we approach each center we are able to associate an R4 with that center.
Since we have N centers ~xi, then we can get N R
4s. Hence the space we are interested is
(R4)⊗n := R4 ⊗ · · · ⊗ R4︸ ︷︷ ︸
N
. (3.6)
Now we denote by zi,1, zi,2 the complex coordinates of the i
th
R
4. Then for each 5D
particle we get a field
φi(zi,1, zi,2) =
∑
li1,l
i
2
αli1,li2
(zi,1)
li1(zi,2)
li2 , (3.7)
in the ith R4. As in [11], the modes αli1,li2
correspond to the ground-state wave functions
of the particle in ith R4 carrying angular momentum
Q0,i = ni = l
i
1 + l
i
2 +m
i, (3.8)
where mi is the intrinsic momentum with respect to the SU(2)R rotations about the origin
of the ith R4. Thus the full field in (R4)⊗n is
Φ = φ1(z1,1, z1,2) · · · · · φN (zn,1, zn,2) (3.9)
=
∑
l11,··· ,l
N
1
l12,··· ,l
N
2
αl11,l12 · · ·αlN1 ,lN2
(z1,1)
l11(z1,2)
l12 · · · (zN,1)
lN1 (zN,2)
lN2 . (3.10)
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Hence the total angular momentum for the mode αl11,l12 · · ·αlN1 ,lN2
is
Q0 =
N∑
i=1
Q0,i =
N∑
i=1
ni =
N∑
i=1
li1 + l
i
2 +m
i. (3.11)
The full Fock space is
Fock|Total = Fock|R4 ⊗ · · · ⊗ Fock|R4︸ ︷︷ ︸
N
, (3.12)
where Fock|R4 is the Fock space corresponding to a single R
4.
Denote q˜ = e−gs+iNpi, where gs is the string coupling. Then the partition function is
ZFock := TrTotal Fockq˜
Q0QQ2 (3.13)
= TrFock|R4 ⊗ · · · ⊗ Fock|R4︸ ︷︷ ︸
N
q˜Q0QQ2 (3.14)
=
N∏
i=1
TrFock|
R4
q˜Q0,iQQ2,i (3.15)
where Q0 =
∑N
i=1Q0,i =
∑N
i=1 ni is the total angular momentum, Q2 =
∑N
i=1Q2,i and
Q2,i = βi is the M2 brane charge associated to the i
th
R
4.
Following [11], we find that the partition function (3.15) is
ZFock =
∏
β,m
∞∏
n=1
(1− q˜n+mQβ)nNN
m
β . (3.16)
Here we need to note that in our case this partition function is restricted to the region
0 < R≪∞. Since
∏
β,m
∞∏
n=1
(1− q˜n+mQβ)nN
m
β = Ztop(q˜, Q)Ztop(q˜, Q
−1), (3.17)
we have
ZFock =
(
Ztop(q˜, Q)Ztop(q˜, Q
−1)
)N
. (3.18)
Due to the wall-crossing phenomenon, we need to define the BPS partition function as a
restriction of ZFock to a chamber. In our case, the total central charge is
Z(Q2, Q0) =
N∑
i=1
Zi(βi, ni) =
N∑
i=1
1
R
(ni +Bi · βi), (3.19)
where Bi is the B field in the i
th Calabi-Yau threefold X. In fact, since we place N D6-
branes at N different centers, we have N copies of the Calabi-Yau threefold X placed at
the N centers respectively. Thus for each single D6 brane placed at the center ~xi we can
calculate the central charge Zi(βi, ni) of the BPS M2 brane bounded to this single D6
– 5 –
brane. Thus we propose that the chamber corresponding to the Coulomb phase of higher
rank DT invariants is
Bi →∞, for all i = 1, · · · , N and 0 < R≪∞. (3.20)
As in [11], in the above chamber
Zi(βi, ni) :=
1
R
(ni +Bi · βi) > 0, i = 1, · · · , N (3.21)
implies that
βi > 0, for all i = 1, · · · , N. (3.22)
So we get
ZBPS(Bi →∞, 0 < R≪∞)
= Z
U(1)N
DT =
(
Ztop(q˜, Q)Ztop(q˜, Q
−1)
)N
|(βi,ni):Zi(βi,ni|Bi→∞,0<R≪∞)>0 (3.23)
4. Examples
In this section we will give some examples which satisfy the proposed formula (3.23).
4.1 C3
The topological string partition function for C3 is
Ztop(q˜, Q) =M(q˜)
1/2, (4.1)
where M(q˜) =
∏
n(1 − q˜
n)−n is the MacMahon function. So according to the equation
(3.23) we have
Z
U(1)N
DT = (Ztop(q˜, Q)Ztop(q˜, Q
−1))N = (M(q˜)1/2M(q˜)1/2)N =M(q˜)N , (4.2)
which is same as the results in [5, 6].
4.2 Resolved conifold
The topological string partition function for the resolved conifold O(−1)⊕O(−1)→ P1 is
Ztop(q˜, Q) =M(q)
∞∏
n=1
(1− q˜nQ)n, (4.3)
which implies that the non-vanishing Gopakumar-Vafa(GV) invariants are
N0β=±1 = 1, N
0
β=0 = −2, (4.4)
and that all BPS states in five dimensions have no intrinsic spin [23, 24, 11]. Thus our
formula (3.23) becomes
Z
U(1)N
DT =
(
Ztop(q˜, Q)Ztop(q˜, Q
−1)
)N
|(βi,ni):Zi(βi,ni|Bi→∞,0<R≪∞)>0. (4.5)
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According to [11], When 0 < R≪∞, Bi →∞, i = 1, · · · , N we have
Ztop(q˜, Q)Ztop(q˜, Q
−1) =M(q˜)2
∞∏
n=1
(1− q˜nQ)n. (4.6)
So
Z
U(1)N
DT =
(
Ztop(q˜, Q)Ztop(q˜, Q
−1)
)N
|(βi,ni):Zi(βi,ni|Bi→∞,0<R≪∞)>0 (4.7)
= M(q˜)2N
∞∏
n=1
(1− q˜nQ)nN , (4.8)
which is compatible with [6].
5. Conclusion and future works
In this short paper we have investigated the relationship between M theory and the
Coulomb phase of higher DT invariants and proposed a formula analogous to that of the
OSV conjecture. It would be very important to check whether our proposed formula (3.23)
holds in the non-toric cases. Further, it would be interesting to give the M-theory deriva-
tion of the bound states on the bound D6 branes and connect it with [12, 13, 14, 15, 6] to
see whether we can get Kontsevich and Soilberman’s wall-crossing formula [25]. Work in
this direction is in progress.
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